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In non-symmetric Convenient Topology the notion of pre-Cauchy ﬁlter is introduced
and the construction of a precompletion of a preuniform convergence space is given
from which Wyler’s completion of a separated uniform limit space [O. Wyler, Ein
Komplettierungsfunktor für uniforme Limesräume, Math. Nachr. 46 (1970) 1–12] as well
as Weil’s Hausdorff completion of a separated uniform space [A. Weil, Sur les Espaces à
Structures Uniformes et sur la Topologie Générale, Hermann, Paris, 1937] can be derived
(up to isomorphism). By the way, the construct PFil of preﬁlter spaces, i.e. of those
preuniform convergence space which are ‘generated’ by their pre-Cauchy ﬁlters, is a strong
topological universe ﬁlling in a gap in the theory of preuniform convergence spaces.
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0. Introduction
Preuniform convergence spaces form a strong topological universe, i.e. a topological construct which is 1◦ cartesian closed
(i.e. natural function spaces exist), 2◦ extensional (i.e. one-point extensions exist), and in which 3◦ (arbitrary) products of
quotients are quotients. They are mainly studied in the realm of non-symmetric Convenient Topology since they are the
suitable framework for studying non-symmetric structures in topology such as quasi-uniform spaces or topological spaces
and several generalizations of both (cf. [3]).
Recently, a certain generalization of convergence (of ﬁlters) in preuniform convergence spaces, called preconvergence,
has been studied by the author [3] in order to describe the embedding of the construct Top of topological spaces into the
construct PUConv of preuniform convergence spaces.
In the present paper it is realized that preconvergence is sometimes more natural than convergence, e.g. in semimetric
spaces the convergence of a sequence w.r.t. the semimetric means preconvergence of the corresponding elementary ﬁlter
(a semimetric space fulﬁlls all axioms of a metric space with the exception of the triangle inequality). On the other hand,
there is a strange behaviour of preconvergence in semimetric spaces, e.g. a convergent sequence need not be a Cauchy
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Cauchy ﬁlter in the preuniform convergence space corresponding to this semimetric space, the question arises whether the
concept of Cauchy ﬁlter can be modiﬁed in such a way that every preconvergent ﬁlter is such a modiﬁed Cauchy ﬁlter. The
introduction of pre-Cauchy ﬁlters solves this problem.
Furthermore, the construct PFil of preﬁlter spaces, i.e. of those preuniform convergence spaces which are “generated” by
their pre-Cauchy ﬁlters is a strong topological universe which is bireﬂective and bicoreﬂective in PUConv and contains the
construct PConv of those preuniform convergence spaces which are “generated” by their convergent ﬁlters, as a bicoﬂective
subconstruct.
Preuniform convergence spaces in which every pre-Cauchy ﬁlter preconverges are called precomplete. It is proved that
the question whether every preuniform convergence space can be embedded into a precomplete preuniform convergence
space as a so-called predense subspace, i.e. whether every preuniform convergence space has a precompletion, has a positive
answer.
Finally, from this precompletion the Wyler completion of a separated uniform limit space [7] as well as the Hausdorff
completion of a separated uniform space [2] can be derived (up to isomorphism) by means of bireﬂective modiﬁcations.
The terminology of this paper corresponds to [4].
1. Preliminaries
Deﬁnitions 1.1.
(1) A preuniform convergence space is a pair (X,JX ), where X is a set and JX a set of ﬁlters on X × X such that the
following are satisﬁed:
(UC1) The ﬁlter generated by {(x, x)}, i.e. x˙× x˙, belongs to JX for each x ∈ X .
(UC2) G ∈ JX whenever F ∈ JX and F ⊂ G .
If (X,JX ) is a preuniform convergence space, then the elements of JX are called uniform ﬁlters.
(2) A map f : (X,JX ) → (Y ,JY ) between preuniform convergence spaces is called uniformly continuous provided that
( f × f )(F) ∈ JY for each F ∈ JX .
(3) The construct of preuniform convergence spaces (and uniformly continuous maps) is denoted by PUConv.
Deﬁnitions 1.2. If X is a set and F (X) denotes the set of all ﬁlters on X , then further axioms for subsets JX of F (X × X)
(besides (UC1) and (UC2)) can be considered:
(UC3) F ∈ JX implies F−1 = {F−1: F ∈ F} ∈ JX where F−1 = {(x, y): (y, x) ∈ F },
(UC4) F ∈ JX and G ∈ JX imply F ∩ G ∈ JX ,
(UC5) F ∈ JX and G ∈ JX imply F ◦ G ∈ JX (whenever F ◦ G exists, i.e. F ◦ G = {(x, y): ∃z ∈ X with (x, z) ∈ G and
(z, y) ∈ F } = ∅ for every F ∈ F and every G ∈ G), where F ◦ G is the ﬁlter generated by {F ◦ G: F ∈ F ,G ∈ G}.
A preuniform convergence space (X,JX ) is called
(a) a semiuniform convergence space provided that (UC3) is fulﬁlled,
(b) a semiuniform limit space provided that (UC3) and (UC4) are fulﬁlled, and
(c) a uniform limit space provided that (UC3), (UC4), and (UC5) are fulﬁlled.
The corresponding full subconstructs of PUConv are denoted by SUConv, SULim, and ULim respectively.
Furthermore, a preuniform convergence space (X,JX ) is called uniform, provided that there is a uniformity W on X
such that JX = [W] := {F ∈ F (X × X): F ⊃ W}. The corresponding full subconstruct of PUConv is denoted by Unif. Unif is
concretely isomorphic to the usual construct of uniform spaces (and uniformly continuous maps) in the sense of A. Weil [6],
where no separation axiom is assumed. Unif is a bireﬂective subconstruct of PUConv. If R: PUConv → Unif denotes the
bireﬂector, then R((X,JX )) = (X, [U ]) is called the underlying uniform space of (X,JX ) ∈ |PUConv|, where U is the ﬁnest
uniformity which is contained in each F ∈ JX , i.e. U = {V ∈ W: there is sequence (Vn)n∈N with Vn ∈ W and V−1n ∈ W
for each n ∈ N, and V1 = V , such that V 2n+1 ⊂ Vn for each n ∈N} and W =
⋂
F∈JX F .
By the way, SULim is a bireﬂective subconstruct of PUConv too: For each (X,JX ) ∈ |PUConv| its bireﬂective SULim-
modiﬁcation is given by (X, (J rX )L) with (J rX )L = {F ∈ F (X × X): ∃F1, . . . ,Fn ∈ J rX with
⋂n
i=1 Fi ⊂ F} and J rX =
JX ∪ {F ∈ F (X × X): F−1 ∈ JX }. (X(J rX )L) is also called the underlying semiuniform limit space of (X,JX ) ∈ |PUConv|.
Obviously, (X,J rX ) is the bireﬂective SUConv-modiﬁcation of (X,JX ) ∈ |PUConv|.
Deﬁnitions 1.3. Let (X,JX ) be a preuniform convergence space, F ∈ F (X), and x ∈ X . Then F is said to be
(a) a Cauchy ﬁlter iff F × F ∈ JX ,
(b) convergent to x iff (F ∩ x˙) × (F ∩ x˙) ∈ JX , and
(c) preconvergent to x iff x˙× F ∈ JX .
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sequence or a preconvergent sequence iff F is a Cauchy ﬁlter, a convergent ﬁlter or a preconvergent ﬁlter respectively. It
is already known that 1◦ preconvergence is more general than convergence and that 2◦ convergence and preconvergence
may coincide, e.g. in uniform limit spaces or in Fil-determined preuniform convergence spaces where a preuniform conver-
gence space (X,JX ) is called Fil-determined provided that JX = {G ∈ F (X × X): there is some Cauchy ﬁlter F on X with
F × F ⊂ H} (cf. [3]).
Sometimes preconvergence can be more natural than convergence as the following example shows:
Let (X,d) be a semimetric space (i.e. d : X × X → R fulﬁlls all axioms for a metric with the exception of the triangle
inequality). For each ε > 0, let Vε = {(x, y): d(x, y) < ε}. Then {Vε: ε > 0} is a base for a semiuniformity Ud on X , i.e. Ud =
({Vε: ε > 0}), and (X, [Ud]) is a semiuniform limit space. A sequence (xn) in (X,d) converges to x ∈ X (in the semimetric
sense) iff for each ε > 0 there is some N(ε) ∈ N such that d(xn, x) < ε for each n N(ε). This is equivalent to F ⊃ Ud(x) =
{U (x): U ∈ Ud} where F denotes the elementary ﬁlter of (xn) and U (x) = {y ∈ X: (x, y) ∈ U }. On the other hand, a ﬁlter F
on (X, [Ud]) preconverges to x ∈ X iff x˙ × F ⊃ Ud which is equivalent to F ⊃ Ud(x). Thus, preconvergence of the elementary
ﬁlter of the sequence (xn) in (X, [Ud]) means convergence of (xn) in (X,d).
Furthermore, the induced pretopological space (X,qd) of (X, [Ud]) need not be topological, where (F , x) ∈ qd iff
F ⊃ Ud(x): If (X,qd) were topological, Ud(x) would be the neighborhood ﬁlter of x for each x ∈ X w.r.t. the topology
Xqd = {O ⊂ X : for each x ∈ X and each F ∈ F (X) preconverging to x, O ∈ F} = {O ⊂ X : for each x ∈ O , O ∈ Ud(x)} ={O ⊂ X : for each x ∈ O there is some ε > 0 with Vε(x) ⊂ O }. Thus, (X,Xqd ) would be ﬁrst countable. But according to
[1, Part I, Example 14] this is not true in general (note that in [1] a semimetric is called a symmetric). The following
proposition characterizes convergence in semiuniform limit spaces.
Proposition 1.5. Let (X,JX ) be a semiuniform limit space and x ∈ X. Then a ﬁlter F on X converges to x iff it is a Cauchy ﬁlter
preconverging to x.
Proof. “⇒”. By assumption, (F ∩ x˙) × (F ∩ x˙) ∈ JX . Thus, the superﬁlters F × F and x˙ × F belong also to JX , i.e. F is
Cauchy ﬁlter preconverging to x.
“⇐”. By assumption, F × F ∈ JX and x˙ × F ∈ JX for some x ∈ X . Furthermore, F × x˙ = (x˙ × F)−1 ∈ JX by UC3 ) and
x˙× x˙ ∈ JX by UC1). Using (UC4), (F ∩ x˙) × (F ∩ x˙) = (F × F) ∩ (x˙× F) ∩ (F × x˙) ∩ (x˙× x˙) ∈ JX , i.e. F converges to x. 
Remark 1.6. Obviously, every convergent ﬁlter in a preuniform convergence space is a Cauchy ﬁlter. But a preconvergent ﬁlter
in a preuniform convergence space need not be a Cauchy ﬁlter. In particular, a convergent sequence (xn) in a semimetric space (X,d)
need not be a Cauchy sequence (i.e. if the elementary ﬁlter F of a sequence (xn) is a preconvergent ﬁlter in (X, [Ud]) it need
not be a Cauchy ﬁlter) as the following example shows:
Let X = {0} ∪ { 1n : n ∈N} and deﬁne d : X × X →R as follows:
(1) d(x, x) = 0 for each x ∈ X ,
(2) d( 1n ,0) = d(0, 1n ) = 1n for each n ∈ N, and
(3) d(x, y) = 1 for all other (x, y) ∈ X × X with x = y.
Then (X,d) is a semimetric space and ( 1n ) converges to 0, but (
1
n ) is no Cauchy sequence, where a sequence (xn) in (X,d) is
a Cauchy sequence iff for each ε > 0 there is some N(ε) ∈ N such that d(xm, xn) < ε for all m,n N(ε). Thus, the question
arises whether there is some other kind of Cauchy ﬁlter such that every preconvergent ﬁlter a preuniform convergence
space is such a Cauchy ﬁlter. This question is solved in the next section.
2. Preﬁlter spaces
Deﬁnitions 2.1.
(1) Let (X,JX ) be a preuniform convergence space. A ﬁlter F ∈ F (X) is called a pre-Cauchy ﬁlter provided that there is
some G ∈ F (X) such that G × F ∈ JX . ΓJX denotes the set of all pre-Cauchy ﬁlters on X .
(2) A preuniform convergence space (X,JX ) is said to be a preﬁlter space iff JX = {H ∈ F (X × X): there are F ,
G ∈ F (X) with G × F ⊂ H and G × F ∈ JX }.
Remarks 2.2.
(1) Obviously, every Cauchy ﬁlter on a preuniform convergence space (X,JX ) is a pre-Cauchy ﬁlter. Furthermore, every
preconvergent ﬁlter (on (X,JX )) is a pre-Cauchy ﬁlter. By 1.6, a pre-Cauchy ﬁlter need not be a Cauchy ﬁlter. But “Cauchy
ﬁlter” and “pre-Cauchy ﬁlter” are equivalent concepts in Fil-determined preuniform convergence spaces and uniform limit spaces.
(Concerning the latter ones, let F be a pre-Cauchy ﬁlter on a uniform limit space (X,JX ). Then there is some G ∈ F (X)
such that G × F ∈ JX which implies F × G ∈ JX and (G × F) ◦ (F × G) = F × F ∈ JX , i.e. F is a Cauchy ﬁlter.)
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(1) x˙ ∈ F for each x ∈ X , and
(2) F ∈ γ whenever G ∈ γ and G ⊂ F .
A map f : (X, γ ) → (X ′, γ ′) between ﬁlter spaces is Cauchy continuous iff f (F) ∈ γ ′ for each F ∈ γ . The construct Fil of
ﬁlter spaces (and Cauchy continuous maps) is concretely isomorphic to the construct Fil-D-PUConv of Fil-determined
preuniform convergence spaces (and uniformly continuous maps). The set of all Cauchy ﬁlters on a preuniform con-
vergence space (X,JX ) is denoted by γJX and (X, γJX ) is a ﬁlter space. (X,ΓJX ) is a ﬁlter space too, where ΓJX is
coarser than γJX , i.e. γJX ⊂ ΓJX . Since the elements of a Fil-structure γ on a set X are often called Cauchy ﬁlters,
pre-Cauchy ﬁlters are the Cauchy ﬁlters in (X,ΓJX ).
Proposition 2.3.
(1) The construct PFil of preﬁlter spaces (and uniformly continuous maps) is bicoreﬂective in PUConv, where 1X : (X,JΓJX ) →
(X,JX ) is the desired bicoreﬂection of (X,JX ) ∈ |PUConv| w.r.t. PFil provided that JΓJX = {H ∈ F (X × X): there are F ,G ∈ F (X) with H ⊃ G × F and G × F ∈ JX }.
(2) PFil is bireﬂective in PUConv.
Proof.
(1) Obviously, (X,JΓJX ) is a preuniform convergence space and JΓJX ⊂ JX . Let (Y ,JY ) be a preuniform convergence
space with JY = JΓJY and f : (Y ,JY ) → (X,JX ) a uniformly continuous map. For each H ∈ JY , there are someF ∈ F (X) and some G ∈ F (X) such that H ⊃ G × F and G × F ∈ JY . Since f is uniformly continuous, f (G) × f (F) =
( f × f )(G×F) ∈ JX and f (G)× f (F) ⊂ ( f × f )(H), i.e. ( f × f )(H) ∈ JΓJX . Thus, f : (Y ,JY ) → (X,JΓJX ) is uniformly
continuous.
(2) (a) PFil is closed under formation of products in PUConv: Let ((Xi,JXi ))i∈I be a family of PFil-objects and (Π Xi,JX )
their product in PUConv. Further, let H ∈ JX . Then (pi × pi)(H) ∈ JXi for each i ∈ I where pi : Π Xi → Xi denotes
the ith projection. By assumption, (pi × pi)(H) ⊃ Gi ×Fi with Gi ×Fi ∈ JXi for each i ∈ I . Consequently, ΠGi ×Fi =
ΠGi × ΠFi ⊂ Π(pi × pi)(H) ⊂ H and ΠGi × ΠFi ∈ JX (where we do not distinguish between Π Ai × Bi and
Π Ai × Π Bi for families (Ai) and (Bi) of subsets of X ).
(b) PFil is closed under formation of subspaces in PUConv: Let (X,JX ) ∈ |PFil|, Y ⊂ X and (Y ,JY ) the subspace
of (X,JX ) in PUConv determined by Y . It suﬃces to prove that JY ⊂ JΓJY . Let H ∈ JY . Then (i × i)(H) ∈ JX
where i : Y → X denotes the inclusion map. By assumption, (i × i)(H) ⊃ G × F with G × F ∈ JX . Hence, H ⊃
(i × i)−1(G × F) = i−1(G) × i−1(F) and (i × i)−1(G × F) ∈ JY , i.e. H ∈ JΓJY .
(c) Every indiscrete PUConv-object is a preﬁlter space: If (X,JX ) ∈ |PUConv| is indiscrete, then JX = F (X × X). For
each F ∈ F (X × X), G × G ⊂ F where G = {X}, i.e. (X,JX ) is a preﬁlter space.
It follows from (a), (b), and (c) that PFil is bireﬂective in PUConv. 
Corollary 2.4. PFil is a strong topological universe.
Proof. Since PUConv is a strong topological universe which is proved analogously to SUConv, it follows from 2.3. that PFil
is a strong topological universe too. 
Remark 2.5. Obviously, every Fil-determined preuniform convergence space is a semiuniform convergence space and a preﬁlter space.
Proposition 2.6. Fil is bireﬂectively and bicoreﬂectively embedded in PFil.
Proof. By 2.5, there is no difference between Fil-determined preuniform convergence spaces and Fil-determined semiuni-
form convergence spaces. Thus, Fil-D-PUConv is bireﬂective and bicoreﬂective in SUConv (cf. [4, 2.3.3.6]) and since SUConv
is bireﬂective and bicoﬂective in PUConv (cf. [3, 1.4]) it follows that Fil-D-PUConv is bireﬂective and bicoreﬂective in
PUConv too. Restricting the bireﬂector (or bicoreﬂector) from PUConv into Fil-D-PUConv to PFil the assertion is proved
(use 2.5 and remember the concrete isomorphism between Fil and Fil-D-PUConv). 
Remark 2.7. In [3] the construct PConv of preconvergence spaces (and uniformly continuous maps) has been introduced,
where a preuniform convergence space (X,JX ) is called a preconvergence space iff it is ‘generated’ by its preconvergent
ﬁlters, i.e. JX = {G ∈ F (X × X): there is some (F , x) ∈ F (X) × X with x˙ × F ∈ JX and G ⊃ x˙ × F}. It has been proved
there that PConv is bicoreﬂective in PUConv and concretely isomorphic to the construct GConv of generalized convergence
spaces (and continuous maps). Obviously, every preconvergence space is a preﬁlter space. Thus, restricting the bicoreﬂector from
PUConv into PConv to PFil we obtain that PConv is bicoreﬂective in PFil, in other words: Every preﬁlter space has an underlying
preconvergence space, namely its bicoreﬂective PConv-modiﬁcation.
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PUConv

SUConv
rc
Unif

r Fil





c r
PFil



 r
c



 r
c
Conv ∼=
c
PConv ∼=c
r
KConvS
r
KConv

rc
GConv
(The embedding of Fil into GConv goes back to [5].)
3. A precompletion and its applications
Deﬁnition 3.1. A preuniform convergence space (X,JX ) is called (pre)complete provided that each (pre-)Cauchy ﬁlter
(pre)converges.
Proposition 3.2. Every preconvergence space (X,JX ) is precomplete.
Proof. Let F be a pre-Cauchy ﬁlter on (X,JX ), i.e. there is some G ∈ F (X) such that G × F ∈ JX . By assumption, there
is some (H, x) ∈ F (X) × X with x˙ × H ∈ JX and G × F ⊃ x˙ × H. Consequently, G ⊃ x˙, i.e. G = x˙. Hence, F preconverges
to x. 
Remark 3.3. By 3.2 and 2.7 every preconvergence space is a precomplete preﬁlter space. The inverse implication is not true
as the following example shows: Let (X,JX ) be a non-discrete convergence space, i.e. a preuniform convergence space such
that JX = {H ∈ F (X × X): there is some F ∈ F (X) converging to x ∈ X with G ⊃ F × F} and JX = {x˙ × x˙: x ∈ X}, e.g.
the usual topological space Rt of real numbers (regarded as preuniform convergence space). Then (X,JX ) is a complete
Fil-determined preuniform convergence space and thus a precomplete pre-ﬁlter space but no preconvergence space since
the discrete preconvergence spaces are the only preconvergence spaces which are convergence spaces.
Deﬁnitions 3.4.
(1) (a) Let (Y ,JY ) be a preuniform convergence space. A subset X of Y is called (pre)dense in (Y ,JY ) iff for each y ∈ Y
there is some G ∈ F (Y ) such that G (pre)converges to y and X ∈ G .
(b) Let (X,JX ) be the subspace of (Y ,JY ) ∈ |PUConv| determined by the subset X of Y and i : X → Y the inclusion
map. If (Y ,JY ) is (pre)complete and X is (pre)dense in (Y ,JY ), then i : (X,JX ) → (Y ,JY ) (shortly: (Y ,JY )) is
called a (pre)completion of (X,JX ).
(2) For each (X,JX ) ∈ |PUConv|, an equivalence relation ∼ on the set ΓJX of all pre-Cauchy ﬁlters on (X,JX ) is deﬁned by
F ∼ G iff there are ﬁnitely many F0, . . . ,Fn ∈ ΓJX such that F0 = F ,Fn = G and for each i ∈ {1, . . . ,n}, sup{Fi−1,Fi}
exists (i.e. every element of Fi−1 meets every element of Fi).
The equivalence class of F ∈ ΓJX w.r.t. ∼ is denoted by [F ].
Theorem 3.5. Let (X,JX ) be a preuniform convergence space. Put Y = X ∪ {[F ]: F ∈ ΓJX does not preconverge} and let i : X → Y
be the inclusion map. A PUConv-structure JY on Y is deﬁned by H ∈ JY iff there is some G ∈ BY such that H ⊃ G or H = [F˙ ]× [F˙ ]
where F ∈ ΓJX is non-preconvergent and BY = {(i × i)(H): H ∈ JX } ∪ {[F˙ ] × i(F): F ∈ ΓJX is non-preconvergent}.
Then i : (X,JX ) → (Y ,JY ) is a precompletion of (X,JX ).
The set ΓJY of all pre-Cauchy ﬁlters on (Y ,JY ) is generated by B = {i(F): F ∈ ΓJX } ∪ {[F˙ ]: F ∈ ΓJX does not preconverge}.
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(1) Obviously, JY is a PUConv-structure.
(2) (X,JX ) is a subspace of (Y ,JY ): Let (JY )X = {K ∈ F (X × X): (i × i)(K) ∈ JY }. In order to prove JX = (JY )X , let
H ∈ JX . Then (i × i)(H) ∈ JY by deﬁnition of JY . Hence, H ∈ (JY )X . Conversely, let H ∈ (JY )X , i.e. (i × i)(H) ∈ JY .
Consequently,
(α) (i × i)(H) ⊃ (i × i)(K) for some K ∈ JX or
(β) (i × i)(H) ⊃ [F˙ ] × i(F) for some non-preconvergent F ∈ ΓJX or
(γ ) (i × i)(H) ⊃ [F˙ ] × [F˙ ] for some non-preconvergent F ∈ ΓJX .
In case (α), K ⊂ (i × i)−1(i × i)(H) = H which implies H ∈ JX . The case (β) cannot occur since otherwise for each
F ∈ F there would be some H ∈ H such that H ⊂ {[F ]} × F which is impossible because H ⊂ X × X and [F ] /∈ X . The
case (γ ) cannot occur, too, since otherwise {[F ], [F ]} ⊃ H for some H ∈ JX .
(3) Put Γ ′ = {K ∈ F (X): there is some F ∈ ΓJX with K ⊃ i(F)} ∪ {[F˙ ]: F ∈ ΓJX does not preconverge}.
In order to prove ΓJY = Γ ′ let K ∈ ΓJY . Then there is some H ∈ F (X) such that H × K ∈ JY . This implies
(α) H × K ⊃ (i × i)(L) for some L ∈ JX or
(β) H × K ⊃ [F˙ ] × i(F) for some non-preconvergent F ∈ ΓJX or
(γ ) H × K ⊃ [F˙ ] × [F˙ ] for some non-preconvergent F ∈ ΓJX .
In case (α) we have
(i × i)−1(H × K) = i−1(H) × i−1(K) ⊃ (i × i)−1(i × i)(L) = L (∗)
since (a) i−1(G) exists and (b) i−1(K) exists:
Concerning (a) X × X ∈ H×K because X × X ∈ (i× i)(L). Thus X × X ⊃ H × K for some H ∈ H and some K ∈ K. Hence,
X ⊃ K and consequently, X ∈ K which implies the existence of i−1(K). Furthermore, X ∈ H since X × X ⊃ H × K
which implies X ⊃ H , i.e. X ∈ H. Thus, i−1(H) exists, too. Now it follows from (∗), i−1(H) × i−1(K) ∈ JX , i.e. F =
i−1(K) ∈ ΓJX . Since X ∈ K, i(F) = i(i−1K) = K, i.e. K ∈ Γ ′ .
In case (β), H = [F˙ ] and K ⊃ i(F) for some non-preconvergent F ∈ ΓJX . Thus, K ∈ Γ ′ .
In case (γ ), H = K = [F˙ ] for some non-preconvergent F ∈ ΓJX which implies K ∈ Γ ′
Consequently, ΓJY ⊂ Γ ′ . Conversely, let K ∈ Γ ′ . Then
(a) K ⊃ i(F) for some F ∈ ΓJX or
(b) K = [F˙ ] for some non-preconvergent F ∈ ΓJX .
In case (a) we obtain
(a1) F ∈ ΓJX preconverges or
(a2) F ∈ ΓJX does not preconverge.
If (a1) occurs there is some x ∈ X such that x˙ × F ∈ JX . This implies (i × i)(x˙ × F) ∈ JY and since (i × i)(x˙ × F) =
i(x˙) × i(F) ⊂ i(x˙) × K = x˙× K, x˙× K ∈ JY , i.e. K ∈ ΓJY (K is even preconvergent!).
If (a2) occurs, [F˙ ] × i(F) ∈ JY . Since [F˙ ] × i(F) ⊂ [F˙ ] × K, [F˙] × K ∈ JY , i.e. K ∈ ΓJY (K is even preconvergent!).
In case (b) we have K ∈ ΓJY because [F˙ ] × [F˙ ] ∈ JY .
Now Γ ′ ⊂ ΓJY is proved.
(4) (Y ,JY ) is precomplete:
Let H ∈ B. Then
(A) H = i(F) for some F ∈ ΓJX or
(B) H = [F˙ ] for some non-preconvergent F ∈ ΓJX .
In case (A) we have
(α) F ∈ ΓJX preconverges or
(β) F ∈ ΓJX does not preconverge.
If (α) occurs, there is some x ∈ X such that x˙×F ∈ JX . Then (i × i)(x˙×F) = i(x˙)× i(F) = x˙× i(F) ∈ JY , i.e. H = i(F)
preconverges to x.
If (β) occurs, [F˙ ] × H = [F˙ ] × i(F) ∈ JY , i.e. H preconverges to [F ].
In case (B) we obtain [F˙ ] × [F˙ ] ∈ JY , i.e. [F˙ ] preconverges to [F ] where H = [F˙ ].
(5) X is predense in Y :
In order to prove Y ⊂ X = {y ∈ Y : there is some G ∈ F (Y ) with y˙ × G ∈ JY and X ∈ G} let y ∈ Y . Then
(a) y ∈ X or
(b) y = [F ] where F ∈ ΓJX does not preconverge.
In case (a), y˙ × y˙ ∈ JX . Thus, (i × i)( y˙ × y˙) = i( y˙) × i( y˙) = y˙ × i( y˙) ∈ JY and X ∈ i( y˙), i.e. y ∈ X .
In case (b), [F˙ ] × i(F) ∈ JY and X ∈ i(F), i.e. y = [F ] ∈ X . 
Remark 3.6. It is well known that every separated uniform limit space has a separated completion (“separated” means that
ﬁlter convergence is unique). The so-called Wyler completion (of a separated uniform limit space) is uniquely determined
by a universal property (cf. [7]). The same is true for the Hausdorff completion of a separated uniform space (cf. [2]). Both
can be derived from the precompletion under 3.5 as the following corollary shows:
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(a) The underlying semiuniform limit space of the above precompletion of a separated uniform limit space (X,JX ) is the Wyler
completion of (X,JX ).
(b) The underlying uniform space of the above precompletion of a separated uniform space is its Hausdorff completion.
Proof.
(a) The bireﬂective SULim-modiﬁcation of the above precompletion (Y ,JY ) of a separated uniform limit space (X,JX ) is
(Y , (J rY )L), where (J rY )L is the set of all superﬁlters of ﬁnite intersections of elements of {(i × i)(H):
H ∈ JX } ∪ {[F˙ ] × i(F): F ∈ γJX non-convergent} ∪ {i(F) × [F˙ ]: F ∈ γJX non-convergent} ∪ {[F˙ ] × [F˙ ]:
F ∈ γJX non-convergent} (note that in a uniform limit space (X,JX ),ΓJX = γJX and preconvergence coincides with
convergence).
If (Y ,J wY ) denotes the Wyler completion of (X,JX ) then Y is the same set as before and J wY consists of all superﬁlters
of
{
(i × i)(H) ∩ (i(F1) × [F˙1])∩ ([F˙1] × i(F1))∩ · · · ∩ (i(Fn) × [F˙n])∩ ([F˙n] × i(Fn)): H ∈ JX
and F1, . . . ,Fn ∈ γJX non-convergent
}
(cf. [4, p. 150]).
Since every element in the form of (i × i)(H) with H ∈ JX , i(F) ∩ [F˙ ] or [F˙ ] × i(F) with F ∈ γJX non-convergent
belongs to (J rX )L,J wY ⊂ (J rX )L .
Furthermore, every element in the form of (i × i)(H) with H ∈ JX , [F˙ ] × i(F) or i(F) × [F˙ ] with F ∈ γJX non-
convergent belongs to J wY . Additionally, every element in the form of [F˙ ] × [F˙ ] with F ∈ γJX non-convergent belongs
to J wY too (since (i(F) × [F˙ ]) ◦ ([F˙ ] × i(F)) = [F˙ ] × [F˙ ] ∈ J wY ). Consequently, (J rX )L ⊂ J wY , and hence (J rX )L = J wX .
(b) Since the bireﬂector R: PUConv → Unif is the composition of the bireﬂector R′: PUConv → SULim and R′′:
SULim → Unif the assertion follows from (a) and the fact that the underlying uniform space of the Wyler comple-
tion of a separated uniform space is its Hausdorff completion (cf. [4, 4.4.20]). 
Corollary 3.8. The above precompletion preserves and reﬂects the property “preﬁlter space”.
Proof.
(1) If (X,JX ) is a preﬁlter space then obviously its precompletion (Y ,JY ) is a preﬁlter space, too.
(2) Whenever the precompletion (Y ,JY ) of (X,JX ) ∈ | PUConv | is a preﬁlter space the subspace (X,JX ) of (Y ,JY ) must
be a preﬁlter space too because PFil is bireﬂective in PUConv (cf. 2.3.2). 
A preuniform convergence space (X,JX ) is called preseparated provided that each ﬁlter on X preconverges to at most
one point of X . Now the following can be formulated:
Extension lemma 3.9. Let (X,JX ) be a preuniform convergence space, i : (X,JX ) → (Y ,JY ) the above precompletion, (X ′,JX ′)
a preseparated precomplete preuniform convergence space, and f : (X,JX ) → (X ′,JX ′) a uniformly continuous map. Then there is
a unique uniformly continuous map f : (Y ,JY ) → (X ′,J ′X ) such that f ◦ i = f .
Proof. A map f : Y → X ′ is deﬁned by
f (y) =
{
f (y) if y ∈ X,
x′ if y ∈ Y \ X
where ( f (F), x′) ∈ qJX ′ with y = [F ] (x′ exists, since (X ′,JX ′) is precomplete and f preserves pre-Cauchy ﬁlters, and it is
uniquely determined, since (X ′,JX ′) is preseparated; furthermore, it is independent of the choice of the representative F ).
Obviously, f ◦ i = f . In order to prove that f is uniformly continuous, let K ∈ JY . Then
(1) K ⊃ (i × i)(H) with H ∈ JX or
(2) K ⊃ [F˙ ] × i(F) with F ∈ ΓJX non-preconvergent or
(3) K = [F˙ ] × [F˙ ] with F ∈ ΓJX non-preconvergent.
In the ﬁrst case, ( f × f )(K) ⊃ ( f × f )((i × i)(H)) = ( f ◦ i × f ◦ i)(H) = ( f × f )(H) ∈ JX ′ , i.e. ( f × f )(K) ∈ JX ′ . In the
second case, ( f × f )(K) ⊃ ( f × f )([F˙ ] × i(F)) = f ([F˙ ]) × f (i(F)) = x˙′ × f (F) ∈ JX ′ , i.e. ( f × f )(K) ∈ JX ′ . In the third
case, ( f × f )([F˙ ] × [F˙ ]) = f ([F˙ ]) × f ([F˙ ]) = x˙′ × x˙′ ∈ JX ′ . Since f is now uniformly continuous, it is also continuous with
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(Y ,qJY ) (i.e. predense in (Y ,JY )) and (X ′,qJX ′ ) is T2 (i.e. (X ′,JX ′) is preseparated). 
Remarks 3.10.
(1) The above extension lemma can be used together with Corollary 3.7 to derive the universal property of the Wyler
completion of a separated uniform limit space (or the Hausdorff completion of a separated uniform space) which is
easily checked.
(2) The above precompletion i : (X,JX ) → (Y ,JY ) does not preserve the property “preseparated” as the following example
shows: Let R be the set of real numbers and put γ = {G ∈ F (R): G ⊃ U(0)} ∪ {x˙: x ∈ R\{0}} ∪ {H ∈ F (R): H ⊃ F}
where U(0) denotes the neighborhood ﬁlter of 0 ∈ R w.r.t. the usual topology of R and F ∈ F (R) is the ﬁlter of ﬁnite
complements. Then (R, γ ) is a ﬁlter space in which every ﬁlter converges to at most one point. In particular, U(0)
converges to 0 and F is non-convergent. The corresponding preuniform convergence space (R,Jγ ) is Fil-determined
and preseparated (= separated), but its precompletion (Y ,JY ) with inclusion map i is not preseparated since H =
sup{i(U(0)), i(F)} exists (because sup{U(0),F} exists) and preconverges to 0 ∈ R and [F ] ∈ Y \R.
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